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ON ASYMPTOTICS OF Γq(z) AS q APPROACHING 1
RUIMING ZHANG
Abstract. In this note we give a derivation of the asymptotic formula for
the q-Gamma function as q approaching 1. This formula is valid on all the
complex plan except at the poles of the Euler Gamma function.
1. Introduction
Recall that the q-Gamma function is defined as [1, 2, 3]
Γq(z) =
(q; q)∞
(1− q)z−1(qz; q)∞ ,
where
(a; q)
∞
=
∞∏
k=0
(
1− aqk) , a ∈ C, q ∈ (0, 1) .
Γq(z) is fundamental to the theory of basic hypergeometric series. It is known that
[1, 2, 3]
lim
q→1
Γq(z) = Γ(z),
where Γ(z) is the Euler Gamma function. This fact is the link between the ba-
sic hypergeometric series and the classical hypergeometric series. All the standard
textbooks on q-series presented W. Gosper’s heuristic argument. A rigorous version
of Gosper’s argument and an alternative proof were later found by T. Koornwinder,
[1, 5], but these proofs failed to indicate the speed of convergence. In [8] we pre-
sented a proof by using a q-Beta integral. In this note we will give yet another
asymptotic formula valid on the entire complex plane except at poles of Γ(z). Our
proof only uses calculus for the ℜ(z) > 0 , then apply the transformation formula
of θ1(z; q) to get the case for ℜ(z) < 1.
2. Main Results
For the sake of completeness we give a proof for the following Lemma, also see
[4, 6].
Lemma 1. Let
|z| < 1, 0 < q < 1,
then
(z; q)
∞
= exp
{
−
∞∑
k=1
1
1− qk
zk
k
}
.(2.1)
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Proof. From
log(1− z) = −
∞∑
k=1
zk
k
, |z| < 1
to get
log (z, q)
∞
=
∞∑
j=0
log
(
1− zqj) = − ∞∑
j=0
∞∑
k=1
(
zqj
)k
k
= −
∞∑
k=1
zk
k
∞∑
j=0
qjk = −
∞∑
k=1
zk
k (1− qk)
for q ∈ (0, 1), where all the logarithms are taken as their principle branches. (2.1)
is obtained by taking exponentials. 
Lemma 2. Let
q = e−piτ , τ > 0, ℜ(w) > 0,
then,
(
qw+1; q
)
∞
=
√
2piww−1/2 exp
(− pi6τ )
Γ (w) (1− e−τpiw)w+1/2
{1 +O (τ)} ,(2.2)
as τ → 0+.
Proof. Take z = qe−τpiw in (2.1) with ℜ(w) > 0 to obtain
(
qe−τpiw, q
)
∞
= exp
{
−
∞∑
k=1
qke−kτpiw
k (1− qk)
}
and
∞∑
k=1
qke−kτpiw
k (1− qk) =
∞∑
k=1
e−kτpiw
k
{
qk
1− qk −
1
kpiτ
+
1
2
− kpiτ
12
}
+
∞∑
k=1
e−kτpiw
k
{
1
kpiτ
− 1
2
+
kpiτ
12
}
= S +
1
piτ
∞∑
k=1
e−kτpiw
k2
− 1
2
∞∑
k=1
e−kτpiw
k
+
piτ
12
∞∑
k=1
e−kτpiw
= S +
1
piτ
Li2 (exp(−piτw)) + 1
2
log
(
1− e−τpiw)+ piτ
12 (exp(τpiw) − 1) ,
where
S =
∞∑
k=1
e−kτpiw
k
{
1
ekpiτ − 1 −
1
kpiτ
+
1
2
− kpiτ
12
}
and
Li2 (z) =
∞∑
k=1
zn
n2
, |z| ≤ 1.
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From [1]
Li2 (z) = −Li2 (1− z) + pi
2
6
− log z · log (1− z)
to get
Li2 (exp(−piτw)) = −Li2 (1− exp(−piτw)) + pi
2
6
+ piτw log (1− exp(−piτw))
= −piτw + pi
2
6
+ piτw log (1− exp(−piτw)) +O (τ2) ,
hence
∞∑
k=1
qke−kτpiw
k (1− qk) = S − w +
pi
6τ
+
(
w +
1
2
)
log (1− exp(−piτw)) + piτ
12 (exp(τpiw) − 1) +O (τ)
as τ → 0+. From [1]
log Γ(w) =
(
w − 1
2
)
logw − w + log(2pi)
2
+
ˆ
∞
0
(
1
2
− 1
t
+
1
et − 1
)
e−tw
t
dt
to obtain ˆ
∞
0
(
1
2
− 1
t
− t
12
+
1
et − 1
)
e−tw
t
dt
= log Γ(w) −
(
w − 1
2
)
logw + w − log(2pi)
2
− 1
12w
for ℜ(w) > 0. Write
I =
ˆ
∞
0
(
1
2
− 1
t
− t
12
+
1
et − 1
)
e−tw
t
dt
=
∞∑
k=1
ˆ kpiτ
(k−1)piτ
(
1
2
− 1
t
− t
12
+
1
et − 1
)
e−tw
t
dt
and
f(t) =
(
1
2
− 1
t
− t
12
+
1
et − 1
)
e−tw
t
,
then
f ′(t) = O (t)
for t→ 0+ and
f ′(t) = O (exp (−tℜ(w)))
for t→ +∞. Hence,
S − I =
∞∑
k=1
ˆ kpiτ
(k−1)piτ
dt
ˆ kpiτ
t
f ′(y)dy
=
∞∑
k=1
ˆ kpiτ
(k−1)piτ
f ′(y)
ˆ y
(k−1)piτ
dtdy
=
∞∑
k=1
ˆ kpiτ
(k−1)piτ
f ′(y) (y − (k − 1)piτ) dy,
thus,
|S − I| ≤ piτ
ˆ
∞
0
|f ′(y)| dy
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and
S − I = O (piτ)
as τ → 0+. Then,
∞∑
k=1
qke−kτpiw
k (1− qk) = log Γ(w)−
(
w − 1
2
)
logw − log(2pi)
2
+
piτ
12
(
1
exp(τpiw) − 1 −
1
piτw
)
+
pi
6τ
+
(
w +
1
2
)
log (1− exp(−piτw)) +O (τ)
= log Γ(w)−
(
w − 1
2
)
logw − log(2pi)
2
+
pi
6τ
+
(
w +
1
2
)
log (1− exp(−piτw)) +O (τ)
as τ → 0+. 
Theorem 3. Let q = exp (−piτ) with τ > 0. Then
Γq (w) = Γ (w) {1 +O (τ)}(2.3)
as τ → 0+for z /∈ N ∪ {0}.
Proof. For ℜ(w) > 0, from (2.2) to get
(qw; q)
∞
=
(
1− e−τpiw) (qe−τpiw, q)
∞
=
√
2piww−1/2 exp
(− pi6τ )
Γ (w) (1− e−τpiw)w−1/2
{1 +O (τ)}
and
(q; q)
∞
=
√
2pi exp
(− pi6τ )
(1− e−τpi)1/2
{1 +O (τ)}
as τ → 0+. Hence, for ℜ(w) > 0 we have
Γq (w) =
(q; q)
∞
(1− q)w−1 (qw; q)
∞
= Γ (w)
{
1− e−piτw
w (1− e−piτ )
}w− 1
2
{1 +O (τ)}(2.4)
as τ → 0+. We get (2.3) from (2.4) and{
1− e−piτw
w (1− e−piτ )
}w− 1
2
= 1 +O (τ)
for ℜ(w) > 0 as τ → 0+. Recall that [7]
θ1(v|t) = 2
∞∑
k=0
(−1)kp(k+1/2)2 sin(2k + 1)piv,
θ1(v|t) = 2p1/4 sinpiv(p2; p2)∞(p2e2piiv; p2)∞(p2e−2piiv; p2)∞
and
θ1
(
v
t
| −1
t
)
= −i
√
t
i
epiiv
2/tθ1 (v | t) ,
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where p = epiit, ℑ(t) > 0, then,
(
q, q1+x, q1−x; q
)
∞
=
exp
(
piτ
8 +
piτx2
2
)
θ1
(
x| 2iτ
)
√
2τ sinh piτx2
and
(q; q)
3
∞
=
√
2 exp
(
piτ
8
)
θ′1
(
0| 2iτ
)
piτ3/2
for q = exp(−piτ) and τ > 0. Hence for x /∈ Z we have
Γq (1 + x) Γq (1− x) = (q; q)
3
∞
(q, q1+x, q1−x; q)
∞
=
2 sinh piτx2 θ
′
1
(
0| 2iτ
)
piτ exp
(
piτx2
2
)
θ1
(
x| 2iτ
)
and
Γq (x) Γq(1− x) = 1− q
1− qxΓq(1 + x) =
(epiτ − 1) θ′1
(
0| 2iτ
)
piτ exp
(
piτ(x2+x+2)
2
)
θ1
(
x| 2iτ
) .
From
epiτ − 1
piτ
= 1 +O (τ) ,
θ′1
(
0|2i
τ
)
= 2pi exp
(
− pi
2τ
)
{1 +O (τ)} ,
θ1
(
x|2i
τ
)
= 2 sinpix exp
(
− pi
2τ
)
{1 +O (τ)}
and
Γ (x) Γ (1− x) = pi
sinpix
, x /∈ Z
to obtain
Γq (x) =
pi
sinpix
1
Γ (1− x) {1 +O (τ)} = Γ (x) {1 +O (τ)}
for x < 1 and x /∈ Z as τ → 0+. 
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